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The Simple Harmonic Oscillator

 Differential equation:

d’x
m—-+ kx=0 ®, = \/E = natural frequency
dt m

e Solutions:

x(t) = Ce""™ +Cye™™ = B, cos(w,t) + B, sin(w,t) = Acos(w, t — 5)
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Phase plots

For a 1-D oscillator, the motion is completely specified by two
quantities: x(¢) and x(¢)

* Note that £

mech

=K+U:1mx2+1kx2
2 2

= %m (4w, sin(w,t — $))’ + %k (Acos(a,t —$))’

(). ™ e
&:‘/// _ Family of ellipses!

Phase plots with MAPLE

=> restart;

=> with(plets):

=> x:=A*cos (cmega*t+phi) ;

=> wvi=diff (x,t);

=> rhi:=0;A:=1;cmega: =1/2;

=> plot([x,v,t=0..4*Pi] ,labels=["x(t)","v(t) "], scaling=constrained) ;
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Damped Oscillations (linear damping)

d*x dx
+c—+kx=0 with trial solution x(¢)= Ae”

dt* dt

m

yields auxiliary equation

EpTY v
m

3 Three possibilities:

p—

¢’ >4mk overdamped

¢’ =4mk critically damped

¢’ <4mk underdamped

Damped Oscillations (linear damping)

auxiliary equation:

—cxtc —4mk S
q= - =—yE\r - o,

where y= ZL = damping parameter
m

(note that Taylor uses f)

k
and @, =,|— = natural frequency
m




Damped Oscillations (linear damping)

¢’ <4mk (y<w,) underdamped

‘ yields actual oscillations!

o) = C.oe VT o g T o] -7
-1
§ s =5, 1B)
=B cos(w,t)+ B,e” sin(w,t) where

A*=B?+ B
C,=(B,FiB,)/2

= Ae " cos(w,t — @)

/ envelope given by +Ae”"

®, is the "damped frequency"

(Note Taylor uses w,)
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